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Abstract: We study some aspects of the Kaluza-Klein Melvin solution in M-theory. 
The associated magnetic field has a maximal critical value B = ±1/R where R is 
the radius of the compactification circle. It is argued that the Melvin background of 
type IIA with magnetic field B and of type OA with magnetic field B' = B — 1/R are 
equivalent. Evidence for this conjecture is provided using a further circle compacti- 
fication and a '9-11' flip. We show that partition functions of nine-dimensional type 
IIA strings and of a (— l) F <J\/2 type IIA orbifold both with NS-NS Melvin fluxtubes 
are related by such shift of the magnetic field. Then the instabilities of both IIA and 
OA Melvin solutions are analyzed. For each theory there is an instanton associated 
to the decay of spacetime. In the IIA case the decay mode is associated to the nucle- 
ation of _D6/.D6-brane pairs, while in the OA case spacetime decays through Witten's 
bubble production. 



1. Introduction 



The study of string theories in strong background fields has received considerable at- 
tention over the past years. For example, in the context of the AdS/CFT duality, the 
near horizon limit of D3-branes gives IIB string theory in an AdS§ x 5*5 background 
with self-dual R-R 5-form flux [Q]. More recently, open strings and membranes in 
near critical electric fields were seen to produce new interesting dynamical regimes 
in string theory and M-theory B |3|, [|, M. 

In this paper some aspects of another example of a string background with 
nontrivial flux will be discussed. The Melvin fluxtube universe || describes an 
axisymmetric spacetime with a non-vanishing magnetic flux along the axis. Inter- 
estingly such a spacetime can be realized as the Kaluza-Klein reduction from a flat 
higher dimensional spacetime with nontrivial identifications. In a nice series of papers 
[0! H> S [TOfl , Dowker et al. analyzed the Kaluza-Klein Melvin solution. In particular, 
they discussed the nonperturbative instability and pair production of magnetically 
charged black holes. In this work we apply some of their results in the M-theory 
context. 

The plan of this paper is as follows. In section two we describe the Kaluza- 
Klein Melvin solution of IIA strings coming from dimensional reduction of M-theory. 
In particular, we discuss the appearance of a maximal magnetic field and the issue 
of spin structures. The nonzero magnetic flux in the Kaluza-Klein Melvin solution 
breaks all the supersymmetries. We shall argue that this Melvin solution is equivalent 
to OA string theory [JTTJ, |TI| in a (different) magnetic field. A '9-11' flip relates these 
two theories to the nine- dimensional type II strings and to the S\/{— l) F a"i/ 2 type 
IIA orbifold both with a NS-NS Melvin fluxtube. In this case the equivalence of both 
theories can be analyzed explicitly. 

In section three the instabilities of the Melvin background are discussed. These 
are associated to instantons describing decay modes of the spacetime. There are two 
instantons, namely the shifted and unshifted instantons, which differ by their spin 
structures and give the decay modes for the Melvin IIA and OA string backgrounds, 
respectively. In the former case the instanton is associated to the nucleation of 
D6/D6-brane pairs while in the latter to a deformed version of Witten's expanding 
bubble @. 

We give our conclusions in section four. 



2. Melvin Solution from M-theory 

An interesting solution of Einstein-Maxwell theory is the Melvin solution || which 
represents a magnetic fluxtube universe. One of the most surprising features of the 
Kaluza-Klein Melvin solution |14| is that the corresponding higher dimensional space- 
time is flat but has nontrivial identifications [Bl |9|. Consider the eleven-dimensional 
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flat metric in M-theory written in cylindrical coordinates 

ds 2 = -dt 2 + dy m dy m + dz 2 + dp 2 + p 2 dp> 2 + dx n 2 , (2.1) 

where m = 1, • ■ • , 6. For simplicity the six-dimensional manifold spanned by y m is 
taken to be a six-torus. Next make the following identification: 

(t, y m , z, p, (p, x xl ) = (t, y m , z,p,(p + 2nn 1 RB + 2t™ 2 , x u + 2nn 1 R) , (2.2) 

for every integer n\ and n%. The identifications under the shifts 2irniR for i u and 
27rn2 for <p are standard. However, the shift xu — > x%\ + 2-nn\R is accompanied by 
a rotation p ^ p + 2imiRB. Upon dimensional reduction along the Killing vector 

l = d xl + Bd^ (2.3) 

the above identifications give rise to the dilatonic Melvin background [|TJ[]. It is 
convenient to introduce the coordinate p = p — B x\i, which is constant along orbits 
of I and has standard periodicity. Using the relation between the M-theory metric 
and the string frame metric, dilaton field and R-R 1-form potential 1 

ds u 2 = e- 2 ^ 3 ds 1Q 2 + e 4< ^ 3 {dx u + 2A^dx») 2 , (2.4) 

the ten-dimensional IIA background is described by 

ds w 2 = A 1 / 2 (-dt 2 + dy m dy m + dz 2 + dp 2 ) + A~ 1/2 p 2 dtp 2 , 



Bo 2 (2-5) 
e 4 */ 3 = A = 1 + p 2 B 2 , A^ = ^. 

The parameter B is the magnetic field along the z-axis defined by B 2 = \F^ u F^ u \ p= q. 
Since the eleven-dimensional spacetime is flat this metric is expected to be an exact 
solution of the M-theory including higher derivative terms. 2 However, from the IIA 
perspective, the Melvin background is always a non-perturbative vacuum because 
far away from the axis, i.e. when p becomes large, the string coupling becomes large 
and the appropriate description is eleven-dimensional. 

For p spacetime is approximately flat and the compactification radius 

is approximately constant. In this region the string coupling is g = R/y/a' and 
perturbative string theory can be trusted provided R is small. In addition, for the 
Kaluza-Klein ansatz to make sense, the length scale p must be much larger than the 
compactification scale, i.e. p ^> R. Hence, the condition \B\ 1/R is necessary 
for this background to be a good approximation for IIA theory in a constant R-R 
magnetic field near p = 0. 

Near the 'critical' magnetic field \B\ ~ 1/R the region where space is flat and the 
theory weakly coupled is much smaller than the compactification radius. This implies 
that the ten-dimensional interpretation of the solution is not applicable anywhere. 

1 Notice for future reference that with the factor of 2 multiplying the R-R 1-form potential, the 
_D6-brane tension Tq and charge density pe are related by pe — 2Tq. 

2 The Green-Schwarz String propagating in the IIA Melvin background was discussed in ]15[ 
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2.1 Spin Structures 

Since the angle ip has period 2ir the identifications (|2.2|) are not altered by the 
replacement B — > B + n/R. Hence the magnetic field 5 describes inequivalent 
spacetimes within the range 

-— <B< — . (2.6) 
2R ~ 2R K ' 

However, the above argument is not quite correct in a theory which includes fermions, 
like M-theory or superstring theory. In fact we shall see that physics changes drasti- 
cally under the shift B — > B + n/R for n odd. A fermion acquires a phase equal to 
— 1 under a rotation Aip = 2tt with the identity corresponding to a rotation by Air. 
Hence, physics is unaltered only when ip is shifted by 4n. From ( |2.2|) it follows that 
the spacetime identifications and the boundary conditions on the fermions do not 
change under the shift B — > B + 2n/R. We conclude that inequivalent spacetimes 
lie within the range 

-i <B 4- (2 - 7) 

More formally the Melvin solution has topology Ai 6 x M 4 x S 1 , where A4 6 is 
the topology of the compact six- dimensional space which we shall neglect. In what 
follows we shall denote the Cartesian coordinates in the p, plane of Q2.1J ) by x±, x-i- 
The manifold M 4 x S 1 admits two different spin structures. A vector parallelly 
transported around the S 1 will be rotated by an angle Aip = 2irRB, while a fermion 
parallelly transported around the S 1 will return with a phase 



e 



irRB 112 Qr _ e KRB 112 / 2 .8) 



according to the spin structure. Here 712 is a generator of the Spin(3, 1) Lie algebra 
which generates a rotation in the xi^-plane. We neglect the action of the spin 
group G due to parallel transport along the compact six-dimensional manifold. Since 
(712) 2 = —1 it is easy to see that for B — > B+l/ R the spin structures are interchanged 
while for B ^ B + 2/Rwe obtain the same physics. 

Although the eleven- dimensional spacetime is flat, the nontrivial identification 
implies that for B 7^ no Killing spinors exist, i.e. from the ten-dimensional point 
of view supersymmetry will be broken by the presence of the magnetic field. Related 
approaches to supersymmetry breaking include the Scherk-Schwarz mechanism |L7, 



and magnetized tori [ F9 . Remarkably, from the type IIA string point of view the 
argument given above predicts the existence of a maximum magnetic field associated 
with the R-R 1-form potential 

ti gy a 

This is a non-perturbative prediction and it is a geometrical consequence of the 
Kaluza-Klein reduction of M-theory to the IIA strings. It is tempting to conjecture 
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that this is the maximum magnetic field associated with a R-R 1-form potential that 
can be confined to a region of spacetime in string theory. Also, we expect that under 
T-duality a similar result holds for the other R-R p-form fields. We think that the 
existence of a maximum electric/magnetic field ought to have a deep explanation. In 
fact, for a NS-NS magnetic field on a 3-sphere the same phenomenon occurs ||20|| . In 
this case the physical interpretation of the maximum magnetic field is clear, at the 
critical value the states that couple to the magnetic field become infinitely massive 
and decouple. It would be interesting to understand better this issue. 



2.2 Type OA Strings 

The Kaluza-Klein Melvin background admits two different spin structures as de- 
scribed in fl2.8|) . For B = 0, the first case in ( |2.8| ) corresponds to the supersymmetric 
IIA compactification of M-theory (fermions obey periodic boundary conditions on 
S 1 ), while the second case corresponds to the non-supersymmetric OA compactifi- 
cation of M-theory (fermions obey anti-periodic boundary conditions on S 1 ) [ITJJ] . 



As explained in section pTT|, under the shift B — > B + 1/R the spin structures are 
inverted, therefore it is natural to suspect that the IIA and OA theories are related 
by such shift of the magnetic field. For example, the IIA theory with critical field 
B=l/R corresponds to the flat 11D space with the spin structure inverted. Reducing 
along the Killing vector I = dn + d 9 gives the IIA theory in a critical magnetic 
field, which is strongly coupled everywhere. Equivalently, reducing along the Killing 
vector /' = du and adopting the second spin structure in ( |2.8| ) gives the OA theory 
with vanishing magnetic field. 

To be more precise consider the IIA theory with maximum magnetic B = 1/R. 
The radius R is related to the string coupling g by R = g\fa' . It is important 
to realize that this is the coupling constant at p = 0. As explained before, the 
condition for the coupling to remain small p <C 1/B = R implies that the theory is 
in the eleven- dimensional regime (although we are keeping g small). From the OA 
point of view the situation is rather different: the magnetic field is zero and the string 
coupling g' satisfies g' = R/(2\fa') = g/2 which is small. Hence, the appropriate 
description of the IIA theory at critical magnetic field, which is strongly coupled, is 
given by the weakly coupled OA theory. 



More generally, consider the first spin structure in (|2.8| ) and reduce the spacetime 
described by fl2.1|) along 

l = d u + Bd^ (2.10) 

to obtain the IIA theory in a magnetic field B. This is equivalent to adopt the second 
choice in (|2.8| ) and reduce along 

/' = 0ii + (b T ^) d v (2.11) 
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to obtain the OA theory in a magnetic field B' = 5=p-^, where the =F choice correspond 
to B > and B < 0, respectively. Hence, we conclude that the IIA theory in a 
magnetic field B is dual to the OA theory in a magnetic field B' = B =p with 
the couplings at the 2- axis related by R = g\/~a' = 2g'\fa' . Notice that the Melvin 
solution for the OA theory is similar to the IIA solution ( |2.5| ) with the R-R 1-form 
potential in the untwisted sector. The tachyon and twisted R-R fields are set to zero. 

2.3 NS-NS Melvin Fluxtube 

Because quantization of string theories in R-R backgrounds is not well understood it 
is difficult to directly prove our conjecture. One can however relate the IIA Melvin 
background to a background of perturbative string theory by further compactifying 
the IIA theory with a R-R fluxtube on a circle and by using a '9/11 flip'. The 
resulting theory will be the nine-dimensional type II theory with a NS-NS fluxtube. 

Applying the construction of section |] to IIA string theory in ten dimensions 
relates the flat ten-dimensional spacetime with metric 

ds 2 = -dt 2 + dy m dy m + dz 2 + dp 2 + p 2 dip 2 + dx g 2 , (2.12) 

to a nine- dimensional magnetic fluxtube. Here m — 1, • - • , 5 and x\\ is replaced by 
Xg in the nontrivial identification fl2.2p. The Kaluza-Klein reduction 



ds l0 2 = ds g 2 + e 2a (dx 9 + 2A fl dx fl y , (2.13) 
gives the NS-NS Melvin solution 

dsg 2 = -dt 2 + dy m dy m + dz 2 + dp 2 + A~ 1 p 2 dip 2 , 

BP 2 Ory t 22 (2-14) 

= ~2yT ' 6 A = 1 + B 9 • 
The gauge field A v is a NS-NS field, coming from the metric element g^g under 
Kaluza-Klein reduction. Note that the nine- dimensional dilaton field <pg = — cr/2 is 
not constant. Since the ten-dimensional dilaton field is trivial and no R-R fields are 
turned on, it is straightforward to calculate the string spectrum and the partition 
function of this background. Although the ten-dimensional background is flat the 
identifications imply: Firstly the string fields in the x\, a^-directions are twisted due 
to the nontrivial rotation in the Xi^-plane; Secondly the momentum and winding 
modes in the Xg-direction have an additional contribution depending on the angular 
momentum in the X\ 2-plane. 



It can be shown that the quantization of bosonic strings 21 and superstrings 



23 1 moving in the background ( 2.14 ) can be reduced to free fields. For the 



superstring the mass spectrum is given by 



mass 



2 -- i (Nl + N r ) + ^ + w 2 ^-2B^(J l + J r ) 

a' R 2 a' 2 R ( 2 .15) 

-2B™(J L - J R ) + B 2 (J L + J R ) 2 , 
a' 
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where m, w are the momentum and winding number of the X 9 circle of radius R and 
J hi Jr are the left- and right-moving angular momentum operators in the xi^-plane, 
respectively. The spectrum is non-supersymmetric for B ^ 2n/R and it contains 
tachyons coming from the winding sector w ^ for R < \j2a! and B < B cr u = 
R/(2a r ). The one loop partition function was also derived in [22", 123] and is of the 
form 



To To 



2 '2 m,n 

1 + BRn 
1 + BRm 



(OK 



7TR 2 

a'r 2 



\m + nr 



(2.16) 



\9[l 



1 + 2BRn 
1 + 2BRm 



\r) 



2 ' 



where 9 



[V T 



OAvW). In the Green-Schwarz formalism the structure of the 



partition function becomes very transparent since the twisting of the eight Green- 
Schwarz fermions and the two bosons in the x\ , ^-directions are responsible for 
the twisting of the theta functions in the numerator and denominator of (|2.16 ), 
respectively. 

The properties of theta functions ensure that the partition function Z(B,R) is 
invariant under B — > B + 2 / R and hence the spectrum ( |2.15 ) is invariant under this 
shift. The partition function vanishes when B = 2n/R with n e Z, indicating that 
the spectrum is the one of the ten-dimensional IIA string compactified on a circle. 

For the critical value of the magnetic field B = (2n + 1)/R the spectrum is equiv- 
alent to the superstring with anti-periodic boundary conditions for the spacetime 
fermions p4 , 



, [2q| . Note that for these values translation invariance is restored in 
the xi 5 2-plane which introduces a (divergent) volume factor, coming from the twisted 
bosons. Then the partition function reads 



7 7iP P\\ Vrl* T 1 1 7 \^\t)-6^\t)-6 2 

^crit — £{-D,-tt) \b=±- — I o" a \ ^0,0" 



T 



T 2 T 3 



\v(r)\ 



21 



u7 l^(0|r)| 8 |0 4 (O|r 

+ ^1,0— — , \ ,24 r ^0,1 



7 %wt 



(2.17) 

where Z^ defines the summation over odd and even winding numbers around the 
two cycles of the torus 



Z ab (r, R)=Y1 ex P 



m,n 



7lR 2 

a'r 2 



(2m + a) + (2n + b)r 



(2.1* 
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A Poisson resummation on m of the partition function defined in (|2.18|) yields 



Z ab (r,R) = ^E(-l) afe exp (~nr 2 

kl \ 



4^ 2 + ^ 2 ' + 6 > 2 



+ TxiTxk(2l + b) 



(2.19) 



Defining the standard 5*0(8) characters as follows 



11 1 

*° = { 9 a + , Xv = (# 3 4 - , Xs,c = ^yyi^2 4 > (2-20) 

it is straightforward to show that the partition function fl2.17p can be expressed in 
the following way 



f d 2 r 1 ( 

Zcrit = VgR J — —3 [(XvXv + XsXs ~ XvXs ~ XsXv)Z 00 



-(XvXv + XsXs + XvXs + XsXv)Z 10 + (XoXo + XcXc - XoXc - XcXo)Z { 
-{XoXo + XcXc + XoXc + XcXo) Zn} . 



(2.21) 



The partition function for the critical Melvin solution ( |2.21| ) is the same as for the 
type IIA S\/ {—\) F ai/2 orbifold with the identification R orb = 2R Me [ vin . Here F is the 
spacetime fermion number and (J1/2 is a shift by half the circumference of the circle. 
The first two terms in (|2.21|) come from the projection onto invariant states and the 
last two terms are coming from the twisted sector states by modular invariance. 

The type IIA Sx/(— l) F (Ti/2 orbifold interpolates between type IIA and OA the- 
ories in the limits R — * 00 and R — > 0, respectively. In [^] it was argued that 
exchanging the orbifold and M-theory circle ('9/11 flip') the ten-dimensional OA the- 
ory is related to a Si/(— l) F <7i/2 orbifold of M-theory. This '9/11 flip' will map the 
NS-NS fluxtube to a R-R fluxtube, showing that the ten-dimensional OA theory is 
related to the IIA theory at the critical R-R magnetic field, as conjectured earlier. 

The relation of the type II NS-NS Melvin solution with magnetic field B and 
Kaluza-Klein radius R, and the type IIA S\/(— l) F <Ji/2 orbifold with magnetic field 
B' = B — 1/R (for B > 0) and radius R' = 2R can be seen using the Lagrangian 
representation of the Melvin solution (|2.16|) . Then, one can split the sum over 
m,n into four sectors corresponding to (m,n) being (e,e),(o,e),(e,o),(o,o), these 
four sectors correspond to the untwisted sector (1, 1) and the three twisted sectors 
(9, 1), (1, 9), (9, 9) of the g = (-1) f cti/ 2 orbifold. 

3. Instabilities 

Schwinger pair production is mapped under electromagnetic duality to pair pro- 
duction of magnetically charged particles in a constant magnetic field. In Yang- 
Mills-Higgs theories magnetic monopoles can be pair produced [pT , p8| , similarly, 



in a gravitational theory magnetically charged black holes can be pair produced 



7 



[0, g, g m, ||, g(| 0, |2f. For the IIA R-R-Melvin background we expect the pro- 



duction of /}6/-D6-brane pairs [[Hj]. Also, we expect some decay mode for the OA 
theory. Within the supergravity approximation to M-theory standard semiclassical 
quantum gravity instanton methods [[34] can be applied to estimate the rate for the 
decay process 3 . All we have to do is to find the instanton associated with the pro- 
cess and calculate its action. Then the rate for the nucleation process is estimated 
by T ~ e~ l . The subsequent Lorentzian evolution is determined by a surface of 
zero extrinsic curvature on the Euclidean manifold to which a Lorentzian manifold 
is glued. 

3.1 Type OA and IIA Instantons 

The instanton associated with the Kaluza-Klein monopole/anti-monopole pair pro- 



duction is the Myers-Perry Kerr instanton [35| with a single (complexified) angular 
momentum parameter and six extra flat directions ||. The metric for this back- 
ground reads 



ds 2 = dy m dy m + dx x 2 + sin 2 9 (r 2 — a 2 ) dip 2 — (dxn + a sin 2 9 < 

2 P (3.1) 

+- — — dr 2 + p 2 d9 2 + r 2 cos 2 9 # 2 , 

r l — a — ji 

where p 2 = r 2 — a 2 cos 2 9. There is a coordinate singularity at r 2 = = \i + a 2 , 
the locus of the black hole horizon in the Lorentzian metric. The parameters of the 
background ( |3.1| ) can be expressed in terms of 

B= a l k= VE±K, (3.2, 
p K /i 

where u = iQ = iB and k are the Lorentzian angular velocity and surface gravity, 
respectively. 

We shall reduce the above manifold along the orbits of the vector I = du + B d v , 
which has zero norm at r = r^. As in the case of the Melvin solution this can 
be done by changing to the coordinate <p = <p — B xu and reducing along I = <9 n . 
Then, the conical singularity at r = r# can be removed provided xn has period 
2tcR for fixed (p. In the limit r — > oo the instanton metric becomes flat. Because of 
the identifications on the angles i u and ip the instanton approaches the Euclidean 
Kaluza-Klein Melvin solution describing a decay mode of this background. 

From the relations ( p.2|) it follows that the parameter B lies within, — < B < 
This means that a Kerr instanton with B > 1/(2R) (B < 1/(2R)) asymptotically 
approaches the same magnetic field as the same instanton with parameter B — 1/R 



3 The evaluation of the one loop determinants in quantum gravity is problematic and will not be 
discussed here. 
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(B + 1/R). Hence we can define the shifted Kerr instanton with parameters [0 



where the =F signs corresponds to a > and a < 0, respectively. Both unshifted 
and shifted instantons ( |3.2| ) and ( |3.3| ) approach asymptotically the same magnetic 
field. However, the Melvin backgrounds with magnetic field B and B 1/R have 
different spin structures. This is reassuring because these two instantons are not 
identical, allowing the appropriate identification of an instanton as the decay mode 
of an associated vacuum with given spin structure. In other words, since there are 
two distinct Kerr instantons approaching asymptotically the same magnetic field the 
appropriate decay mode is fixed by the spin structure. In fact, both instantons are the 
same Kerr instanton with different values of its parameters but their ten-dimensional 
interpretation is quite different. 

Since the Kerr instanton has topology M 2 x S 3 , which is connected, it admits 
a single spin structure. Spinors parallelly transported around an integral curve of 
I pick a phase —e 7TR ~> 11 for both unshifted and shifted instantons 0. If we choose 
the first spin structure for the Melvin background in ( |2.8|) , corresponding to the IIA 



theory, the appropriate Kerr instanton is the shifted one where - = B =p j^. On the 



other hand, the second choice in ( |2.8| ) picks the unshifted instanton as the decay 
mode for the OA theory. Remarkably, the spin structures uniquely fix the spacetime 
decay modes over the physically inequivalent values of the magnetic field for both 
IIA and OA theories. 

The decay probability rate can be estimated as e~ 7 where the Euclidean action 
for the instantons reads 

1 fd u x^R--^— fd w xVh(K~K ) . (3.4) 



16nG_ 

K is the trace of the extrinsic curvature of the boundary with metric hij and K is 
the same quantity for the Melvin background. For the unshifted Kerr instanton we 
have [[| 

nV 6 R 2 

1 ~ 8G W 1 - {BR)* ' 1 ' 

while for the shifted instanton the action is 

- * V * ^ (3.6) 



8G 10 1-(1-\B\R) 



2 



where Vq is the volume of the compact six-dimensional manifold. The ten-dimensional 
Newton constant G\q satisfies 167rGio = (2ir) 7 g 2 a ,4: . In figure 1 the action for both 
instantons as a function of the magnetic field is ploted. 
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-1/R 1/R B -1/R 1/R B 



(a) (b) 

Figure 1: The actions for the instantons associated with the decay of the Melvin back- 
ground for (a) the OA theory and (b) the IIA theory. In the former case the decay is 
through Witten's bubble production while in the latter through D6/-D6-brane pair pro- 
duction. The actions go to infinity for B = ±1/R for the unshifted instanton and for B = 
for the shifted instanton, in agreement with stability of super symmetric type IIA strings. 

3.2 Decay Modes 

The Euclidean instanton is associated to a tunneling trajectory describing the decay 
of a spacetime. The post decay evolution depends on a surface of zero extrinsic 
curvature in the Euclidean manifold. This surface provides the initial data to obtain 
a Lorentzian metric describing the spacetime into which the Melvin background 
decays. Such a surface is defined by ip = and ip = n with < 9 < n/2, which 
is joined at 9 = ir/2. The subsequent Lorentzian evolution is obtained by analytic 
continuation ip — > it. From the eleven-dimensional point of view the interpretation 
for both instantons is the same. It describes an expanding bubble without spherical 
symmetry ||, i.e. it is a deformation of Witten's expanding bubble |H| (an expanding 
cigar). The expanding two-surface r = rn has initial area 4tt{x and expands like 
cosh 2 1. In the case of the OA theory without magnetic field (or the IIA theory 
with critical field) the decay mode is indeed given by Witten's expanding bubble 
corresponding to the Euclidean Schwarzchild instanton. 

3.2.1 Type OA 

Next we describe the decay process as seen by a ten-dimensional observer. Firstly 
consider the unshifted instanton associated with the OA theory. We reduce to ten- 
dimensions along the vector 

l = d u + Bd v = d 11 + nd v , (3.7) 

where Q = a/fi is the Euclidean angular velocity. Because the reduction is co- 
rotating with the geometry, a single singularity appears at r = r# where I 2 = 0. 
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Of course this is an artifact of the reduction since the geometry is perfectly regular 
from the eleven-dimensional point of view. The subsequent Lorentzian evolution is 
that of a space falling into the singularity |J. 

It is interesting to consider the instanton action for vanishing magnetic field. 
This will be associated to the bubble nucleation instability of the type OA theory. 
The instanton action reads 



R 2 = ^7^tr 3 , (3-f 



8G 10 (27r) 6 a 

which does not depend on the ten-dimensional string coupling g' . In the case that 
Vq <C a' 3 , i.e. when the theory is effectively four-dimensional, one might think that 
the decay of spacetime through bubble production is dominant. In this case the 
length scale R is of order of the Planck length and the semi-classical approximation 
is no longer valid. However, we still expect this to indicate an instability. In fact, 
we can consider the T-dual theory by dualizing the 6-torus. Then the false vacuum 
is long lived and the semi-classical calculation reliable. 

3.2.2 Type IIA 

Secondly consider the shifted instanton associated with the IIA theory. Now we 
reduce along the orbits of the vector 

l = dn + Bd v = d n + (toT^)d v . (3.9) 

The horizon r = r# becomes a line horizon where the metric is regular except for 
the two singularities at the ends (9 — 0,7r) H. This line horizon becomes a cigar 
from the 11D perspective. Subsequently the singularities will accelerate apart from 
each other (corresponding to the ends of an expanding cigar in 11D). 

If \B\ <C 1/R the Melvin solution describes the perturbative IIA theory in a 
constant magnetic R-R field within a region p <C R <C 1/1-3 1. Hence it is natural 
to ask whether the creation of D6/DG-brane pairs as described by semiclassical 
gravity follows the expected behavior for the Schwinger pair production. In the limit 
\B\ <C 1/R the action ( |3.6|) becomes 

• * V ' R " M « (3.10) 



8G10 2 LB 2 \B\ 

where Mq = VqTq and Tq = ((27r) 6 a' 7 / 2 (?) _1 is the D6-brane tension. This gives 

exactly the Schwinger nucleation rate T ~ e i E for a particle with charge q = 2m 
in a constant electric field E. In fact, the D6-brane action in the perturbative IIA 
theory region is for vanishing worldvolume gauge field (notice that in our conventions 
Pe = 2T 6 ) 

S = -T 6 J d 7 a e-tyf^ det G a/3 - 2T 6 J A 7 , (3.11) 
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where G a/ 3 and A7 are the pull-backs to the worldvolume of the metric and dual R-R 
7- form potential (*JF 2 = dA-/), respectively. A short calculation shows that in the 
Melvin background 

dA 7 = B dt A dz A dyi A ■ ■ ■ A dy 6 . (3.12) 

This indicates that the instanton calculation gives exactly the expected result for a 
BPS saturated _D6-brane subjected to a constant electric field of magnitude E = B. 

The magnetically charged objects which will be created are D6-D6 pairs wrapped 
on the T 6 . Hence, from the four-dimensional point of view these are DO-branes which 
couple electrically to the dual of the magnetic field. Then the action of the instan- 
ton can be easily reproduced in a simple probe calculation of the DO brane in the 
Melvin background. Assume that the D-particle moves only in the (Euclidean) two 
plane spanned by r and z and that the only non-vanishing component of the elec- 
tromagnetic tensor is F TZ = B. The Born Infeld action for the Euclidean signature 
reads 

S = M e Jda (Vr 2 + z 2 - Bzt) . (3.13) 
The equations of motion following from this action are 



d 




Bz\=0, I __ + Br ) = . (3.14) 



da \y/f 2 + z 2 J da \ Vf 2 + i 2 



The integration constant can be set to zero by shifting r, z and a solution of these 
equations is given by 

t = — sina , z=— coso" . (3.15) 
B B 

This solution parameterizes a circle of radius 1/B in the range a G [0, 2ir]. Evaluating 
the action gives 

M 6 /" 27r / 2 x 7TM 6 



S = -^r da 1 -cos 2 a ) = , (3.16) 
LB Jo V > 2 B ' v ' 



which agrees exactly with ( P-lOj ). 



3.3 Non-compact Spacetime 

So far our discussion considered a ten-dimensional spacetime where six dimensions 
live on a T 6 , i.e. we focused on the compactification to four dimensions. However, 
the results above reported can be generalized to theories with a non-compact ten- 
dimensional spacetime. We shall describe briefly such generalization and refer the 
reader to [[UJ for the details. 

In the case of a non-compact type IIA Melvin universe described by (|2.5j) the 
instanton action ( |3.6|) for the DQ/D6 pair production is infinite because the vol- 
ume Vq is infinite. However, the Melvin vacuum can decay via the nucleation of 
a single spherical D6-brane. The appropriate instanton is the Myers-Perry eleven- 
dimensional shifted instanton with a single (complexified) angular momentum. For 
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small magnetic field \B\ <C l/R, the action agrees with that of a spherical probe 
with action given by ( |3.11|) calculated in the perturbative IIA region. At critical 
magnetic field \B\ = l/R, the ten-dimensional type IIA description breaks down and 
the appropriate description is given by weakly coupled type OA theory. In this case 
we consider the eleven-dimensional unshifted Schwarzschild instanton that describes 
the bubble (a 8-sphere) nucleation in the type OA vacuum. The action is 

I = -yr^R 8 = — , (3.17) 

Gio 7T b 

where is the unit 7-sphere volume. As for the compact spacetime there are 
two important regimes. When the compactification radius is large compared to the 
Planck length the false vacuum is long lived and spacetime will eventually decay 
through bubble production. This happens at the strong coupling regime where the 
OA tachyon is expected to become massive |]I6 |. When the compactification radius 



is of the order of the Planck length the semi-classical approximation breaks down. 
At this point one expects the perturbative OA tachyon to appear in the spectrum 
signaling the instability of the theory. The relation of nonperturbative instabilities 
and the appearance of tachyons in the perturbative spectrum has been discussed in 
several other contexts [^6[ [37], [Sip . 



4. Conclusion 

For the type IIA theory, the typical distance 5 between the nucleated brane and anti- 
brane can be estimated by associating the area A = 47r/i of the cigar to the initial 
mass of a membrane connecting the monopole/anti-monopole pair. The membrane 
mass is given by M = AT m — ST S , where T m is the membrane tension related to 
the string tension T s by T s = 2nRT m . For \B\ <C l/R we have A = ttR/\B\ and the 
D6/D6 pair is created at a typical distance 5 ~ 1/(2 \B\) ^> R. On the other hand, 
in the limit of critical magnetic field \B\ = l/R the decay mode for the IIA theory is 
given by the shifted Schwarzschild instanton. In this case A = 4nR 2 and the mass for 
strings ending on the D6/D6-branes is M = 2g\fa'T s . From the perturbative strings 
point of view this classical mass vanishes and would give the usual string tachyon 
after quantization. However, for larger values of g this tachyon acquires a positive 
classical mass which is associated with a minimal distance between the D6 / D6 pair 
given by 5 ~ 2g\fa' . As explained before, for the IIA theory at critical magnetic 
field the appropriate weakly coupled description is given by the type OA theory 
with vanishing magnetic field and string coupling g' = g/2. In this case spacetime 
decays through bubble nucleation and the string tachyon becomes massive at strong 
coupling. 

Finally we comment on the analysis by Sen |33] of the four-dimensional Kerr 



instanton with one flat time direction and six flat spatial directions. After reduction 



13 



this solution is interpreted as a D6/-D6-brane pair kept in precarious equilibrium in 
a R-R magnetic field. Sen interpreted the case of a critical magnetic field \B\ = 1/R 
as a coincident brane/anti-brane pair because reducing along a different direction 
the critical field can be brought to a vanishing magnetic field. In the light of the 
discussion above, the appropriate weakly coupled description is given by the type OA 
theory. The mass of the string tachyon ending on the D6/DQ pair is now interpreted 
as the mass of the OA tachyon, in the same spirit of the previous paragraph. 

In conclusion, we have uncovered a relation between the Melvin background and 
type IIA and OA strings. This connection arose as a consequence of the M-theory 
Kaluza-Klein reduction to IIA and OA strings. An immediate consequence of the 
dimensional reduction is the existence of a maximum magnetic field. Then a careful 
analysis of the spacetime spin structures led us to conjecture that under a shift of 
the Melvin magnetic field both IIA and OA theories are equivalent. Evidence for this 
relation was given by using perturbative string theory and the '9/11' flip symmetry 
of M-theory. We proceeded by analyzing the instabilities of both IIA and OA Melvin 
solutions. In each case and for physically inequivalent magnetic fields there is an 
instanton associated to the decay of spacetime. In the case of the IIA theory this 
instanton is associated to the nucleation of _D6/.D6-brane pairs, while in the OA case 
to Witten's expanding bubble. 
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